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Abstract

On the basis of the Heisenberg equation of motion and Schrodinger’s
correspondence i% <— H, we search for so-called invariant eigenoperators
for some Hamiltonians describing photonic nonlinear interactions. In this
way the energy-level gap of the Hamiltonians can be naturally obtained. The

characteristic polynomial theory has been fully employed in our derivation.

PACS number: 05.45.—a

1. Introduction

Searching for the energy level gap of quantum mechanical dynamic systems has been a
challenge to theoreticians since Bohr proposed atomic orbit theory [1]. Usually, solving
the stationary Schrodinger equation [2] Hy,, = E,, is the popular way to derive energy
eigenvalues and eigenstates, where H does not include time explicitly. Instead of using the
traditional method, in [3, 4] we have proposed the so-called ‘invariant eigenoperator’ method
to deduce energy-level gap. This is based on the Heisenberg equation of motion [5]

d . 1 . .

dtO_ i[O,H], h=1. (1
Although this equation, governing the time evolution of operators O for the time-independent
Hamiltonian, plays the equivalent role of the Schrodinger equation, for a long time it has
been seldom directly employed to derive energy quantization formulae. In paper [3] we have
reported that the Heisenberg equation of motion can also be used to deduce the energy-level
gap of certain systems in a transparent and concise way, provided that the ‘eigenoperator’ O,
of the n-power of the Schrédinger operator i% can be found. By invariant eigenoperator O,
we mean that it satisfies the following eigenvector-like equation:

4 né 10 )
1— e = o-
dt
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One must not consider in general that the time derivation i% in equation (2) is the ‘energy
operator’. Nevertheless, using (1) and (2) we see

i—
dr

where there are n-commutators on the right-hand side. In particular, when n = 1, according
to what Schrodinger initiated, idi <— H, X is then the energy eigenvalue. For this case
the simplest example is H = wa'a, where a', a are Bose creation and annihilation operator,
respectively, obeying [af,a] = —1, from i%a = |a, ﬁ] = wa, we can say that a is the
‘eigenoperator’ of wa'a, the energy-level gap is w. In [3, 4] we mainly concentrated on the
n = 2 case. Supposing |c) and |b) are two adjacent eigenstates of the Hamiltonian A with

eigenenergy E;, and E., from (3) we see

('d) O.,=1[--10.,H]H]---,H =20,, 3)

d\? . . A N
(id_t) (c|0.b) = (c|(0.H* —=2HO . H + H*0,)|b)
= (Ep — E)*(c|O.|b) = Mc|O.|b), @)

because (i%)2 < H?, we can judge that /A = E, — E. is one of the energy gaps.
Equation (3) can then be viewed as a parallel equation with the energy eigenvector equation
H?y = E*yr. For example, when H = wa'a +ir(a®> — a'?), the Hamiltonian that describes

a degenerate parametric amplifier, it is easy to evaluate
d\2
<15> (a+a") = (@ —4r*)(a +ah),

so the eigenoperator is (a +a'), and we immediately know that the energy gap is v/w? — 412,
without appealing to the usual diagonalization method for H. Generally speaking, due to
(i%)" <« H", from (2) we can judge that /A is one of the energy gap. Note that the
value of A in (2) depends on the power of the operator (i%)", which is a linear transformation
defined on a vector space composed of linear operators acting on the original Hilbert space.
The powers of the linear map have the same eigenvectors (they commute), but the eigenvalues
must be the powers of the original ones for the (i< ). It turns out that the powers of (i< ) can
have degenerated eigenvalues, i.e. we can have new eigenvectors as well (linear combinations

of the eigenvectors corresponding to the same eigenvalue). If H can be split into two parts,

H=Hy+H 5)
and if

[0.. Hol = E¢O., [0..H'l=E'O., (6)
then

[0.. H] = (Eo+ E)O.. (7)

That is, if the two Hamiltonians commute with each other, then they have the same invariant
eigenoperator. Thus

d . A A
iaOe =[0., Hy+ H'] = (Ey+ ENO.,. ®)

Therefore, once the ‘invariant eigenoperator’ O, is found, some information about the energy-
level gap can be obtained. Before we examine the n > 2 case in more detail, in this paper we
present some complicated examples in the n = 1 case to elucidate the validity of our approach.
These examples are from nonlinear optics.
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2. Invariant eigenoperator for the 3-wave mixing model

The first example is about a 3-wave mixing model in quantum optics or in nonlinear optics
theory [6]; its Hamiltonian is
3
H= Z a)iajai + K(aIa2a3 + H.C.), ©)]
i=1
where H.C. means the Hermitian conjugate of a{a2a3, [a; , aj.] = §;;. For energy conservation,
it is demanded that w; = w, + wj3; then it follows that

3
H = Hy+ H/, Hy = Za)iajai, H = K(a;[(12613 +H.C.), [Hy, H’] =0.

(10)

We hope to find the common eigeno Perators of Hy and H’'. Inn = 1 case of (3), the general
form of the eigenoperator of Hy is a, a2 a3 , since

[a{mazi"a;k, Hy| = |:a1 a'2 a3 ,Zw,a a,] = —(mw; +nw; +ka)3)a'1'ma'2ma'3rk. (11)

Thus the common eigenoperator of Hy and H; is a polynomial function made of a{, a; and
ag; since the energy arising from aI can be denoted by that of the other two modes due to
| = wy + w3, we only need two independent parameters to denote such an eigenoperator.

Moreover, from the interacting form of a1a2a3 we see that the creation of the first mode
. o -1

photon always accompanies the annihilation of the other two modes of photons, due to (aiT )

(i = 2, 3) meaning annihilating operation, so without loss of generality we assume that the

invariant eigenoperator of Hy + H' in 3-mode Fock space is an operator polynomial in the

form,

q
= F(Dal'a}"'a}""'|000)(000], (12)
=0

where F' (), as one can see later, is determined by [(0,,H]=E'O, (as the eigenoperator is
not in general a polynomial function of the operators from equation (12), but only those that
have the same eigenvalues), and is related to u and v. u, v are arbitrarily chosen positive
integer parameters; ¢ is not larger than the smallest of i and v. Rewriting

0, = XA, Y= ZF(l)al al*al' ™, A = [000)(000|,  (13)

from [Hy, A] = 0, we see that

3
[0, Hol = [2, Zwiaja,-] A = EyO,, Eo = —(pon +vws).  (14)
i=l
Note that the vacuum projector |000)(000]| in (12) is also an operator polynomial,
3 3 o0 (_)na]‘nan
1000) (000] =: exp [—Zaja,-] = HZT (15)
i=1 i=1 n=0

where : : denotes normal ordering. According to (8) it remains to examine

[0.,H1=EO,. (16)
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Due to
[A, H'] = [1000)(000], k (a]azas +araja)] = 0, (17)

and ;A = 0 as well as [a;, f(aj)] = %, we can derive

[0.,H1=[Z,H]A
= —Kai([aga% YA — Kaga;[al, YA

GED) 0%
= —ka| | —— | A —xaja}—=A. (18)
da,da; da,
Substituting (18) into (16) we have
GE) G) E'
a|——A+aja]—=A =—-—T%A, (19)
dayday da, K

Using the expression of X in (16) and performing the differentiation in (19) we see that the
coefficient p; = I! F(I) should satisfy the difference equation,
E/

Pist = == PL = SIPI-1, (20)
where F(,l) = F(q+1) = 0,

si=lu—=1+DHv—-1+1), (21
i.e. p; is an polynomial sequence obeying the three-term recurrence relation. At this point, we
introduce the matrix

Co b]
1 C1 bz
=A (22)
1 Cc

where the rows and columns of the matrix are indexed by nonnegative integers. Let Ay
denote the square matrix obtained from A but taking the first / + 1 rows and columns. Observe
that when det(x/ — A1) is expanded about the last row, we get

det(xl —Ai) =& —¢) det(XI —A))—b det(XI — A(1,1)), (23)
where [ is the identity matrix.

Thus p;41(x) can be considered the characteristic polynomial of A;,;. By comparison
(20) with (23) we see that the coefficient p; in (20) can be written as

E/
pi+1 = det (—71 - Al+1> , 24
where
0 51
1 0 52
A= 1 0 (25)

(I+1)x (I1+1)
Thus for arbitrarily selected positive integers u and v, we use (21) and (25) to construct the
matrix Ag.1; due to det (—%I — Aq+1) = 0, we can derive ¢ + 1 values of E’, then for each
value of E’ we can obtain po, pi, ..., p, by pi = det (—%1 — Ay), i.e. we can determine the
characteristic polynomial p; and F(l). (Note that po = 1 to ensure (20) holding for I = 0.)
Finally, using (12) the eigenoperator can be found, and simultaneously the energy E’ is known.
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3. Invariant eigenoperator for the 4-wave mixing model

To see our method more clearly, we discuss the 4-wave mixing Hamiltonian which has the
form [6, 7]

4
H= Z wiajai + g(aIa2a3a4 + HC) (26)
i=1

For energy conservation, we have demanded that w; = w, + w3 + wy; then it follows that
4
=> wala;, H = g(alasaras + H.C.), [Ho, H'1=0. (27)

We try to find the common eigenoperator of Hy and 7’. In similar to (12) we assume that the
invariant eigenoperator O’, of H takes the form,

0, = XA, (28)

where
Y= ZF Oal'alal " al, A = |0000)(0000], (29)

where F’(l) is determined by [0;, H = )JO; and is related to u, v, 7, ¢’ is not more than
the smallest of w, v, 7. The corresponding Heisenberg equation for O, is

d A A N
ia 0,=[0,,Ho+H1= (+1)O0, (30)
from (29) and (27) we have
[0, Hol = 10, Ao = —(pws + Vo3 + Tay). 31)

Further, from [H’, A] = 0 and a; A = 0 we can derive
[H, 0.1 =[H, Z]A
= gal{alas, Tas + araslas, T1+ a2, Tlasas} A + gajalallar, T1A

= ga1a2a3[a4, YA+ ga'z"agal[al, YA

5D D))
= ga{ T A+g aza;al : A. (32)
daydazda, da,
Substituting (32) into [H', O,] = —1’ O/, we obtain
HEDY X N
al—=  A+aalal ——=A = -"3A. (33)
1 0 } 1 2 3%4 f
daydazda, da, 8

Using the expression of ¥ in (29) and performing the differentiation in (33) we see that the
coefficient p; = F'(I)!! should satisfy the difference equation

!’

Pl = _Epl/ —S/Pl_1 si=—1l+DH =1+ -1+l (34

p; is the characteristic polynomial of A},

)\/
Pl = det <_EI _ A;) , (35)
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where

A = | (36)

Ixl1
For arbitrarily selected wu, v, T and using (34) we construct the matrix A’, solving

det (—21 - A),

q'+1

q'+1 ;
) = 0, we can derive the g’ + 1 values of A’. Then for each value of 1" we
can obtain py, pi, ..., p(;, by p; = det (——I — A ) i.e. we can determine the characteristic
polynomial p; and F’(l). In this way the eigenoperator and energy gap can be found. Now
we present some examples.

Assuming that w is the smallest among u, v, T, then from (34) we see
(1)Whenpu =1,49" =1,

Al = (? ;1), where 5| = vt,
z _X —s/
det <——1 - A/2> =det| ¢ )=0, (37)
g -1 ¥
= - =+t
For—— Vv, py =1, p} = /vt, the invariant eigenoperator is
0, = (abal’al" + Vvralal’~'a} ") 10000)(0000], (38)
and the energy gap is
AE = A+ X = —(wy + vz + Twy) — ga/vT. (39)
For—%/ = —/vT,
A’ Totv it TTUITTI
o, (a2a3 a, vTa;a, )|OOOO)<OOOO| (40)
the energy gap is
AE = —(uwy + vz + Twy) + g/ VT. “1n
2)When u =2,q' =2,
0 s O
Ay=11 0 s, where 5] =2vt, s =20v—1)(r—1),
0 1 0
Ao—sp 0
det(W'I — A})) =det| -1 X —s5| =0, (42)
o -1

= (5 = (= (D) =02 =§ = 0.G] 45,

For —% =0, p, =1, p; =0, p;, = 2vt, so the invariant eigenoperator is

0, = (af’a}’alf — vral*al’*al"?)|0000)(0000], (43)
the energy gap is
AE = —(sz +vws + ta)4). (44)
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For—— (s7+s )1/2, po =1, p) = (5] +s§)1/2, Py =85,
0, = <a§2a3'”a1’ +(s) +sp) Palalal" alT " + 22a}2a§” “2alT 2) 10000) (0000], (45)
the energy gap is
AE = —(puwy + vz + Tay) — (s) + s5)1/?
= —(Uwy + vw3 + Twy) — Va4vt — 2t —2v + 2. 46)
For —% = —(s] +s)'2, pp =1, py = —(s] +55)/2, p, = s, the operator is
0, = <a;2a3'valr (s] +s5)'%al az'agv Ialr "y ;aIZa;v 2 TT 2) |0000) (0000, 47)
the energy gap is
AE = —(wy + vws + Twg) + V4vt — 2t — 2v + 2. 48)

Note that the factor —(uw, + vws + Tws) appears in (41), (44), (46) and (48), because it is the
contribution from Hy. The rest terms in (41), (46) and (48) respectively depend on the photon
number v and T which originate from X in (29) when u is fixed, so for different eigenoperators
2 A we obtain different energy gaps. This fact tells us that for optical nonlinear interaction
the information on the energy gap is abundant.

4. Discussion

We can extend the above cases to the n-wave mixing Hamiltonian,
n
H = Z w;a; a, Ka a2a3 -a, + H.C.), w) = Zwi. 49)

The eigenoperator of H is

Y
0, = %a}’agﬂ'*’agf‘f‘ c-eal*17100 - 0)(00- - - 0], (50)
=0 "
where w1, U, ..., 4y—1 are arbitrarily chosen positive integers, Q is the smallest of them. We

can prove that p; satisfies the relation
pr=Xpii —si-1pia = det'I — A)),
sp= (w1 = I+ Dua =1+ (a1 =1+ DL

By analogy with the derivations in the previous section it is possible to derive the H' invariant
eigenoperator and the energy-level gap.

In summary, in this work we have elucidated the ‘invariant eigenoperator’ method for
deriving the energy gap of some Hamiltonians describing photonic nonlinear interaction,
which is a direct application of the well-known Heisenberg equation. In our approach the
characteristic polynomial theory has been fully employed. These models have also been
discussed in [8], in which the authors used the stationary Schrodinger equation Hvr,, = E, ¥,
to search for eigenstates of the Hamiltonian. As one can see from [3, 4], in many cases the
‘invariant eigenoperator’ method, stemming from the Heisenberg approach, is more direct in
obtaining the energy-level gap formula than the Schrédinger approach.

619
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